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Preface

Courses on continuous and discrete-time signals and systems are a fundamental part of most
Electrical Engineering programs. As a result, there are numerous textbooks on this subject,
each offering a variety of examples and unsolved problems for assignments. Additionally, there
are books available that provide solutions to these problems or similar ones. However, after
evaluating many of these resources, we identified a gap: a lack of books that guide students
step-by-step through the solutions. Even when such resources exist, the difficulty level of the
problems often fails to adequately prepare students for a rigorous final exam on signals and
systems. This realization motivated us to co-author this book. In some similar books, solutions
frequently skip steps, assuming students are already familiar with the missing information. In
this book, we strive to avoid such assumptions and provide detailed, step-by-step solutions.

The book consists of 10 chapters with over 200 problems, each containing multiple questions
on related topics. The chapters are organized to align with the sequence found in most signals
and systems textbooks, particularly following the structure of the seminal work by Oppenheim
& Willskyﬂ At the beginning of each chapter, we offer a concise yet focused review of the topic
to minimize the need for students to refer back to the textbook. We primarily adhere to the
notations and terminology used in Oppenheim & Willsky’s book.

The preparation of this book would not have been possible without the invaluable assistance
of two of our students, Mr. Mohamad Khas and Mr. Mohamad Mir Ahmadi. They were
involved in every step of the process, and we relied on their perspectives as students to ensure
that the solutions are as accessible as possible for those using this book. The second author
has previously published a well-received book on probability and stochastic processes. We hope
this book will be similarly successful and help students enhance their practical skills in this
important subject.

LOppenheim, A. V., and Willsky, A. S., with S. H. Nawab, Signals and Systems, Second Edition, Upper
Saddle River, NJ: Prentice Hall, Inc., 1997






Chapter 1

Continuous-time and
Discrete-time Signals

Problem 1. Determine which of the following signals are periodic. If a signal is periodic,
determine its fundamental period.

(a) y(t) = sin(3t) (¢) y(t) = cos(2t) + |sin(3t)]

(b) y(t) = S+ 5)

Problem 2. A continuous-time signal z(¢) is shown in Fig. Find the fundamental period
of y(t) = x(cos(t)).

x(t)

Figure 1.1: Problem

Problem 3. Sketch the following signals and determine and sketch their even and odd com-
ponents (Hint : [](t) = u(t+ 3) —u(t — 1) ).
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EOTGE) +@=-0TI¢-3) () a(t) = T1(%58)
)

Problem 4. Let z,(t) be the odd component of the signal shown in Fig. Compute the

following integral:
/ zo(t)dt =7
0

x(t)

-3 l—Z -1 1 2
qt

Figure 1.2: Problem

Problem 5. A continuous-time signal x(¢) is shown in Fig. Obtain the second derivative
of this signal.

x(t)

Figure 1.3: Problem



Problem 6. Evaluate the following expressions using the unit impulse and unit step functions
properties:

(a) [ sin(t)o(3t — 6)dt (d) [ 8(4—t?)dt

(b) [ 2cos(t —2)8 (t —2)dt

(c) x(t) =8 (t) + 6(t) (e) z(t) = j;t:f 726(t — 7 — 2)dT

Problem 7. Determine and sketch signal y(t) = fjoo x(t)dt for the signals shown in the

following figures.

x(t) x(t) x(t)

(a) (b) (c)
Figure 1.7: Problem 7.

Problem 8. A continuous-time signal x(t) is shown in Fig. Sketch and label each of the
following signals.

(a) y(t) = x(t) u(t) + z(—t) u(t) X

Figure 1.8: Problem

Problem 9. Calculate the energy and power for the following continuous time signals and
determine whether the signals are energy signals, power signals, or neither.
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x(t) x(t)

Figure 1.11: Problem@

Problem 10. Calculate energy and power for the following signal and determine whether the
signal is energy signal, power signal, or neither.

x(t) = cos(t) + cos(at), where o > 0

Problem 11. Consider a continuous-time system with input z(¢) and output y(¢). The input-
output relationship for this system is

y(t) =tz (3t) + 2.

Determine the output of the system when the input is z(t — 5).

Problem 12. Consider a continuous-time system with input z(¢) and output y(¢). The input-
output relationship for this system is

For the continuous-time signal z(t) shown in Fig. determine the output of the system.



x(t)

Figure 1.12: Problem

Problem 13. Determine which of the following signals are periodic. If a signal is periodic,
determine its fundamental period.

(a) x[n] = sin(Tn) (c) z[n] = eI (+3)

(b) x[n] = cos(nm) + cos(n) (d) z[n] = cos(En?)

Problem 14. Sketch the following signal and determine and sketch its even and odd compo-
nents.

z[n] = 38[n + 4] — 26[n + 3] + u[n + 2]

Problem 15. If the even component of the signal is shown in the following figure and for n < 0,
z[n] =0, find z[n].

x,[n]

3/4¢
1/2
[ T Y

Figure 1.13: Problem (15| the even part of x[n].

Problem 16. Write the following signals using basic signals.
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x(t) x[n]

2t 2]

/7 ail .
‘ : : i ‘ 2 1 1 2 13 4 5
-1 1T 2\13 4 5 1

1 : 2F

(a) (b)

Problem 17. Evaluate the following expression using the unit impulse and unit step functions
properties.

(a) aln] = 5__odln+3 — ] (b) x[n] = 34— 3°0[4 — K]

Problem 18. A discrete-time signal x[n] is shown in the following figure.
Sketch and label each of the following signals.

(a) y[n] = x[-2n+ 1] xin]

N
N
N

(b) y[n] = za[n + 4] Figure 1.14: Problem

Problem 19. Consider a discrete-time system with input z[n] and output y[n] related by
y[n] = z[n?® 4+ 1] — z[-n? + 2n — 1].

Determine the unit-step response of the system.

Problem 20. Calculate energy and power for the following signals and determine whether the
signals are energy signals, power signals, or neither.
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Chapter 2

Properties of Continuous-time
and Discrete-time Signals

Problem 21. Determine whether the following continuous-time systems are linear.

= 3z(2t) + 3 (e) y(t) = Relx(?)]
B (t+5) t<0 e (t=1)
B {4sm x(t?) t>0 (f) y(t) = {82@2) IS - ;; i !
= { Y12 t (2) y(t) = [ a(r)dr

= z(t?) + z(t +5) (h) y(t) = sin(z(t))

Problem 22. Consider the below continuous-time systems with the given input-output rela-
tionships. Determine whether these systems are time-invariant.

(a) y(t) = 22(t) — 1 (d) y(t) = [*_ax(r)dr
(b) y(t) = z(t/4)
() y(t) = [' a(r)dr () y(t) = (1) + [*_a(r)dr

Problem 23. Determine whether the continuous-time systems described by the following input-
output equations are causal or noncausal.

(a) y(t) = x(t/3) () y(t) = 2P
(b) y(t) = [ a(r)dr
(c) y(t) = x(t)z(~2) (e) y(t) = z(—[t])

Problem 24. Determine whether the following continuous-time systems are memoryless.
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(a) y(t) = z(=1) (c) y(t) = cos(x(t) +1)
(b) y(t) = e a(t) (d) y(t) = x(t) + =(2)

Problem 25. Comment on the stability of the following continuous-time systems.

(a) (1) = 5a(t) +2 s el
) 40 = f* RECR At
y(t) = J_x(r)dr
S >
e — J z(t)
(@) w(t) = sin(t)(t)5(t — 1) ()W){W+mumml

Problem 26. Determine if each of the following continuous-time systems is invertible.

(a) y(t) = 20 (¢) y(t) = a(t) — cos(y(t — 1))
(b) y(t) = even{z(t)} (d) y(t) = sin (z(t))

Problem 27. The outputs of a continuous-time linear system S to the inputs e/3* and e=73t
are y1(t) and ya2(t), respectively.

(a) Obtain the output of the system S based on y;(¢) and ya(t) to the input x(t) = cos(3t).

(b) Obtain the output of the system S based on y;(t) and y2(t) to the input x(t) = cos(3t —2).

Problem 28. Consider the continuous-time system shown in Fig.

x(t)

o X > y(t)

0.5Cos(t)

Figure 2.1: Problem

(a) Find the relationship between the input and the output.
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(b) Determine whether the system is (i) LTI, (ii) causal, (ii) memoryless, (iv) invertible, (v)
stable.

Problem 29. Determine whether the continuous-time system shown in Fig. is (a) linear,
(b) time-invariant, (c) stable, (d) memoryless.

x(t) — + y(®)
y R t
(Z) [, —

Figure 2.2: Problem
Problem 30. Consider a continuous-time linear system with input x(¢) and output y(¢). Three
inputs of this system and their corresponding outputs are shown in Fig.

(a) Determine whether the system is (i) memoryless, (ii) causal, (iii) time-invariant.

(b) Determine and sketch carefully the response of the system to the input xz4(¢) depicted in

Fig. 24

x,(®

Figure 2.4: Problem- Part (b), Signal 4(¢).

Problem 31. Determine whether the following discrete-time system is linear.

z[n]  mn>10
yln] =<5 -10<n <10
—z[n] n<10

Problem 32. Consider the discrete-time systems with the following input-output relations.
Determine whether these systems are time-invariant.
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X, ¥,

¥,®

) ¥,(®

(a) yln| = z[-n] 1 22[n) n>0
(b) y[n] = 22[n] + n? (@) yin] {x3[n+1] n <0
o) wlnl — 22 [n] x[n] >0

(©) ylnl {x3[n+1] z[n] <0 (e) yln] = 372 x[k]

Problem 33. Determine if the discrete-time systems described by the following input-output
equations are causal or noncausal.

zn—2]+n+7 n>-1 () yln] = Sop 22 . a[k]o[k — n]k?
—z[n] —cos(n) n< -1 2] elont 2> 0
(@MM={ _

(b) yln] = ntd x[k — ]_]2k+n+4

k=—o00
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Problem 34. Determine whether the following discrete-time systems are memoryless.

(a) y[n] = yln — 3] + z[n] {x[n] +cos(n) zn—2]>0
(d) yln] =

(b) yln] = a[n]dln] Pl +3 a2 <0

() yln] = 3022 alk — 1)0[n — K] (e) yln] = sy ey @l — K]

Problem 35. Check the stability of following systems.

@ vt = i) © v = L2

(b) yn] = Z3Z5 [k +2)
Problem 36. Determine if each of the following discrete-time systems is invertible.

(a) y[n] = z2n] + z[n] z[n/2] n even

(d) yln] = {

(b) y[n] = cos(%2*)x[n] 0 n odd
(e) y[n] = z[2n]

o) ulnl — zn—1] n>1

(c) yln] {x3[n] n<l1 (f) y[n] = z[n]z[n — 3]

Problem 37. Consider a discrete-time linear memoryless system with input / output relation-
ships as follows:

x1[n] = 0[n] + d[n — 1] 4+ 20[n — 2] + 38[n — 3] + 46[n — 4], (2.1)
y1[n] = 26[n — 1] + 26[n — 2]. (2.2)

(a) Find the output of this system to the input xzo[n] = d[n — 1] + d[n — 2].
(b) What can we say about the output of this system to the input zs[n] = é[n — 5]?

Problem 38. Consider a discrete-time linear system S. The output of the system equals
y[n] = cos(mn) when the input is z[n] = u[n — m| for any integer m. Determine the output of
the system when the input is as follows:

x[n] = 0[n + 1] + d[n] +d[n — 1].

Problem 39. Consider a discrete-time linear system S. When the inputs to the system are
x1[n], and z5[n], the outputs of the system are y; [n], and y[n], as shown in Fig. respectively.
Determine whether the system is (a) memoryless, (b) time-invariant.
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y,[nl
2
x,[n]

1 1 .
a—o—I—o—o—L%n S n
2 1 0 1 2 3 — 2 1 0 12 3

x,[n] y,lnl
n S
2 4 Jo 1 2 3 4 —

Figure 2.5: Problem

Problem 40. Consider three systems with the following input-output relationships:

s st e

(2.3)
Sy wn] = z[n] + z[n — 1],
S3 y[n] = w[2n).

Suppose that these systems are concatenated in series. Is the overall system linear? Is it
time-invariant?

Problem 41. Consider a linear system whose response to signal x[n] = u[n — k] is the signal
y[n] = k28[n — k + 1.
Is this system time-invariant?



Chapter 3

Liner Time-invariant Systems

Problem 42. Obtain and plot the convolution y(t) = x(¢t) = h(t) for a continuous-time LTI
system whose impulse response h(t) and inputs 1 (¢) and xo(t) are given by

h(t) = {1 It <1

0 |t[>0"

1 1<t<3

a t) = ,
(@) z(t) {0 otherwise

(b) wa(t) = e~"u(t),

Problem 43. Compute the convolution of the following pairs of continuous-time signals.

(a) x(t) = 2sin(t)u(t), h(t) = 2cos(t)u(t)

(b) x(t) = tu(t), h(t) = sin(2t)u(t)

(d) z(t) = cos(t), h(t)=e
Problem 44. Consider the following linear time-invariant system.

(a) The response of this system to signal x(¢) in Fig. (a) is signal y;(t) illustrated in
Fig. (b). Determine and sketch carefully the response of the system to the input xo(t)

depicted in Fig. (c).

(b) Find the impulse response h(t) of this system and then work out Part (a) again.

15
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X, () y;®

=

e
@
=
=

L,

Figure 3.4: Problem

Problem 45. Consider the following impulse responses of continuous-time LTI systems. De-
termine whether each system is (i) causal, (ii) memoryless, (iii) stable.

(a) h(t) =t%e "t u(t+2)
(b) h(t) =€ u(—t—1)
(c) h(t) = e u(2t +1) (a >0)

Problem 46. Consider the following integrals which represent systems with input x(t) and
output y(t). Try to write each of the integrals as a convolution integral and then determine
whether each system is LTI. Comment on system memory, causality, and stability.

(a) y(t) = L e Da(r)dr

(b) y(t) = [V a(r)dr,  b>a



17

Problem 47. Consider the system initially at rest condition, shown in Fig.
(a) Find the input-output relationship for this system.

)
(b) Find the impulse response h(t) of this system.
(c)
)

(d) Is this system causal?

Is this system memoryless?

a(t) ® y(t)

T

Figure 3.5: Problem

Problem 48. For the following continuous-time LTI systems:
Plot the block diagram for the system described by the following differential equation:

dy _dx
U +ay(t) = o + bx(t). (3.1)

Problem 49. Compute the convolution of the following pairs of discrete-time signals.
1 1

(a) z[n] = (5)""*uln],  Aln] = (z)"uln - 2]

(b) aln] = n(3)" sin(nr — S)uln], hln) = ufn]

Problem 50. A system is formed by connecting 3 systems as shown in Fig. The impulse
responses of the systems are given by

hi[n] = é[n] + 3d[n — 1], ha[n] =u[n] and hz[n] =4dn— 3.

h2 [TL]

hs[n]

Figure 3.6: Problem

Find the impulse response h[n| of the overall system.
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Problem 51. Consider the cascade of the following two discrete-time LTI systems S; and S,
as depicted in Fig. Let the step response of both systems be s[n] = 3d[n — 1] + J[n — 2].

x[n] — S1 S — y[n]

Figure 3.7: Problem

(a) Find the impulse response of the overall system.
(b) Find the step response of the overall system.

Problem 52. Consider the following impulse responses of discrete-time LTI systems. Deter-
mine whether each system is (i) causal, (ii) memoryless and/or (iii) stable.

(a) hln] = (5)"uln]

(b) h[n] = (1.001)"u[n — 3] — (1)"u[n]

(c) A[n] =n(z)"uln — 1]

Problem 53. Consider a discrete-time LTT system S with the following impulse response h[n]:
hln] = (3)"uln], (3.2)

Find the impulse response of the inverse system.
Hint: The system corresponds to the following difference equation:

1
hin] — Zh[n —1] = §[n). (3.3)
Problem 54. Consider a discrete-time system shown in Fig. [3.14]

z[n] O, yln]

W=

D

Figure 3.8: Problem Block diagram of the system.

(a) Find the input-output relationship for this system.
(b) Find y[n| with the initial condition y[—1] = yo and z[n] = Kd[n].
(c) For what conditions this system is LTI and causal.

Problem 55. Consider the following discrete-time LTT system. Plot the block diagram for this
system.

yln] — 3yl — 1] = o] + ol — 1] (3.4)
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Problem 56. Write the difference equation for the block diagram shown in Fig. 315

U=

Figure 3.9: Problem Block diagram of the system.

Problem 57. Consider the following discrete-time LTI systems.

(a) The step response s1[n| of the first system is given by

3" nm
—— COS(T)U[n]. (3.5)

s1[n] =

Determine the impulse response hq[n] of the system and the output of this system to the
input z1[n] given by
x1[n] = d0[n] — d[n — 1]. (3.6)

(b) The step response sa[n] of the second system is given by

sofin] = (1~ (5)"uln]. (3.7)

Determine the impulse response hs[n] of the system and the output of this system to the
input zo[n] given by
xa[n] = (=1)"uln]. (3.8)

Problem 58. The input z[n] and the output y[n] of a discrete-time LTI system are shown in

Fig. and Fig. respectively.
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a[n]

w

¥}

>
[

2

Figure 3.11: Problem the output of the system.

(a) Find the impulse response for this system using the assumption that the length of the
impulse response is 4.

(b) Find the values of the output y[n] at n = 1,2 (i.e. y[l] = a and y[2] = b) using the impulse
response h[n] obtained in Part (a).

Problem 59. The system shown in Fig. [3.18]is formed by cascading two causal LTI systems.
The input-output relationships for S; and Sy are given by

1‘[”] — Sl Z[n] SQ

— yln

Figure 3.12: Problem The cascade interconnection of two causal LTT systems.

S1 : z[n] z[n — 1] + z[n]

_1
3
=«

S : yn] = ayln — 1] + Bz[n]

and the input-output relationship of the overall system is

yln] = —%y[n—?] + %y[n— 1] + 2[n]. (3.9)

Find the values of « and S.
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Problem 60. Consider a discrete-time LTI system where the input and output are related
through the equation

y[n] = x[n] + %x[n —1]. (3.10)

(a) Find the impulse response h[n] of the system.

(b) Is the system causal?

(c¢) Find the output of this system to the input x[n] = u[n + 2.
)

(d) Consider the system below depicted in Fig. in which the above system is a part of.
Find the impulse response heq[n] of this system assuming that

hi[n] = hin], ha[n] =dn+1], hs[n] =—h[n—3].

hl [’I’L]

Qr)—» yln]

hg [n] hg [n]

Figure 3.13: The LTI system for Problem — Part (d).

(e) Consider the system of Part (d). Obtain the output of this system for the input z[n] = u[n].

Problem 61. Consider a discrete-time LTI system whose input z[n] and output y[n] satisfy
the second-order difference equation

5 1
yln] = éy[n —-1] - gy[n = 2]+ z[n] — z[n —1]. (3.11)
The system also satisfies the condition of initial rest.

(a) Find the impulse response h[n] of the system.

(b) Determine the step response of the system.
Problem 62. Consider a discrete-time LTI system whose the impulse response is given by
hin] = (=)"uln]. (3.12)
Determine the response of this system to the input

x[n] = cos(nm)uln].
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Problem 63. Find the output y[n] for the following difference equation.

o] + %y[n )=, (3.13)

with the auxiliary condition y[—1] = —3.



Chapter 4

Fourier Series Representation of
Continuous-time Signals

Problem 64. Determine and sketch the complex exponential Fourier series representation for
each of the following signals

(a) z(t) = cos(t + 0) (d) =(t) = cos(t).sin(3t)
(b) (t) = sin(t) + cos(t)
(¢) z(t) = sin®(4t) (e) z(t) = cos?(4t)

Problem 65. Determine the complex exponential Fourier series representation for the following
signal:

Problem 66. Determine the complex exponential Fourier series representation of the following
signals.

23



24CHAPTER 4. FOURIER SERIES REPRESENTATION OF CONTINUOUS-TIME SIGNALS

x(t) x(t)

cos(

S

t) cos(5t)

x(t) x(t)

Figure 4.5: Problem

Problem 67. A continuous-time periodic signal z(t) is real valued and has fundamental period
T=2and z(t) =e ' for -1 <t <1

(a) Determine the Fourier series coefficients of x(¢) through through direct evaluation.

(b) Is it possible to obtain the result in Part (a) without direct evaluatin?

Problem 68. Use the Fourier series properties to calculate the coefficients ay, for the following
continuous-time periodic signals.
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x(t) x(t)

Figure 4.8: Problem

Problem 69. A continuous-time periodic signal z(t) is real valued and has a fundamental
period T'= 4 (w = §). Determine x(t) if the Fourier series coefficients of x(t) are

(kT
furin k -
ap = Sm];;i )(2 COS(TIT) +2e " ).

Problem 70. Let z(t) be a periodic signal with period T' = 5 where the Fourier series coeffi-
cients of the signal are given as follows:

a_2=3, &_121, a0=3, alzl, CL2=3.
Evaluate the integrals in Parts (a) and (b).
(a) A= [* a(t)dt (b) B =[5 x(t)ed Stdt

Problem 71. In each of the following, we specify the Fourier series coefficients of a signal that
is periodic. Determine z(t) in each case.

(a) a1 =7, a1 = —j, az3 =2, a_3 =2, a =0, otherwise, wy = 27
(b) ax = (=5)* , wo =1
kel™2 k[ <3

0 ,0.0.

Problem 72. Suppose that x(¢) is a periodic signal with period T" and Fourier series coefficients
Q.

(a) Let T = 7. Now let periodic signal y(t) with period 7" = 7 have Fourier series coefficients
by = ax_5e*7 . Write y(t) based on z(t).

(b) Let T' = 3. Determine the periodic signal y(t) with period 7" = 3 and Fourier series
coefficients by, = Re{ay}.



26CHAPTER 4. FOURIER SERIES REPRESENTATION OF CONTINUOUS-TIME SIGNALS

Problem 73. Let z(t) be a periodic signal with period T' = 6 and Fourier series coefficients

ar. Determine signal y(¢) with Fourier series coefficients by, = (—1)**az + (—1)%*a_y.

Problem 74. Let x(t) = | cos(2t)| with Fourier series coefficients a,. Compute the following
expression:
oo
A= Z |ak|2.
k=—o0

Problem 75. As shown in the Fig. x(t) is a periodic signal with period T' = 4 and Fourier
series coefficients a;. Compute the following expression:

oo

A= D" |kay)

k=—o00

x(t)

Figure 4.9: Problem Periodic signal x(t).

Problem 76. Consider signal z(¢) with a fundamental period of Ty. Determine the Fourier
series coefficients for each of the following cases.

(a) y(t) = «(1+ 3t) (c) y(t) =x(t) + z(—t) , x(t) is real
(b) y(t) = 2" (5t = 3) (d) y(t) = =(t). cos(3F)
Problem 77. Consider signal z(t) with a fundamental period of T' = 4 and the Fourier series

coefficients F, = sinc(k75). Determine the Fourier series coefficients for each of the following
cases.

(a) y(t) = 2(2t) (d) y(t) = Re{z(t)}

(c) y(t) ==(t - 3) (e) y(t) = 2(t). cos(2mt)

Problem 78. Suppose we are given the following facts about a signal z(t):
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(a) z(t) is real and periodic signal with period T' = 4, and it has Fourier series coeflicients ay.
(b) ar =0 for k& > 3.
(¢) the DC Fourier coefficient ag is zero.
(d) z(t) = —z(t —2)
(¢) fo l(t)?dt =2
(f) a1 is a negative real number.

Determine z(t).

Problem 79. Suppose we are given a signal x(¢) with period T' = 2, and it has Fourier series

coefficients C,, where,
0, niseven
c, - { ’ |

1, nisodd

The signal is entered into a filter with frequency response H (jw), shown in the following figure.
Find the output signal y(t).

|H (jw)]| LH (jw)

w

-6 -4 4 6r W

|
ol

Figure 4.10: Problem Magnitude and Phase of the considered filter H (jw).

Problem 80. Consider signals z(t) and y(t) = 2*(t)+(—+%) with the Fourier series coefficients
ar and by, respectively. Find the value of by based on ay.

Problem 81. Suppose that periodic signal x(t) = cos(t) is the input signal to an LTI system
with frequency response H (jw). H(jw) is demonstrated by its magnitude |H (jw)| and phase
ZH (jw) in figures below. Determine y(t), the output of the system.
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|H (jw)] LH (jw)

N~
ol

'
N F=========
N Feemme e e == =

Figure 4.11: Problem Magnitude and Phase of the frequency response H (jw).
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Fourier Series Representation of
Discrete-time Signals

Problem 82. Determine the fundamental period Ny and frequency wy of the following signals.
Then, find their Fourier series coefficients.

(a) z[n] = Acos(TF* + )

(b) z[n] = cos(T*) cos(22™)

(c) w[n] =1+ 2cos(* + F) +sin(7g")

(d) z[n] == _(-1)™ [6[n —m] + 6[n + 3m]]

(€) z[n] =5+ 37 §ln— 10m]

m=—0oo

Problem 83. z[n] is a periodic signal with fundamental period N where

2] =1—cos("F+7)  0<n<N-1,

Determine its Fourier series coefficients for N = 4.

Problem 84. Determine the discrete Fourier series representation for each of the following
signals.

(a) z[n] = cos(§n) + (—=1)"
(b) z[n] = (=1)" + &/™(7/2)
(c) z[n] = ()"

29
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Problem 85. Find the discrete Fourier series for each of the following periodic signals shown

in Fig.

e —
)
e —
)
e —
3

10—
0 fr—
e —

— f——
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z[n]

)

S—]
—
w
]
—
3

——a —
—

- p—
3

O f—
e
Y

o p—

Figure 5.1: Problem

Problem 86. Consider a discrete-time LTI system. Find the corresponding system output
y[n], if

(a) The frequency response of this system is

cos(§)
and the input is
2
x[n] _ Z |k|€jk(27r/3)n'
k=—2

(b) The frequency response is ‘
H(e’") = 4 cos(2w)
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and the input to this system is

0 n even
x[n] = .
{1 n odd

Problem 87. As shown in the following figure, x[n] is a periodic signal with period N = 5 and
the Fourier series coefficients ay,.

(a) Find the value of

(b) Find the value of

z[n|

[V}
V)

n

2 -2

Figure 5.2: Problem [87 Discrete-time periodic signal z[n].

Problem 88. Consider the discrete-time signal z[n] with period N and the Fourier series
coefficients ay. Determine the Fourier series coefficients for each of the following cases based on
ag.

(a) yln] = z[n] cos(Fn) (c) yln] = wa[n — 1]

(b) y[n] = (=1)"z[n], N =even (d) y[n] =z*[-n+1], N=38

Problem 89. Let z[n] be a discrete-time periodic signal with period N and Fourier coefficients
Q.
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(a) If the period is N = 3 and the Fourier series coefficients are ay = j* where j = /-1,
determine the power of the signal y[n] = 2z[n] + 2.

(b) Now assume that x[n] is another signal with period N = 4 which is real and has the average
value of zero. Given that
al:_1+.j7 a2:_2a

determine the power of z[n].

Problem 90. Suppose we are given the following facts about a signal x[n]:
1. z[n] is a real and even signal.

2. z[n] is periodic with period N = 6 and has Fourier coefficients ay.

3. ar = 2.

4. 530 g lan)? = 8.

Using the above information, find x[n].

Problem 91. Suppose a discrete-time periodic signal x[n] has fundamental period N and
Fourier coefficients ay.

(a) Let us define y[n] as
yln] = 22%[n] + 222 [n]
with the Fourier coefficients by, where x2[n] is the time-scaled version of z[n]. If the period

is N = 3, obtain the Fourier series coefficients of y[n] based on ay’s.

(b) Signal y[n] is defined as
yln] = afn] cos()

If the period of z[n] is N = 4, obtain the Fourier series coefficients of y[n] based on ay’s.

Problem 92. In each of the following, we specify the Fourier series coefficients of a periodic
discrete-time signal. Determine signal x[n] in each case.

(a) ap = cos(3xk)

(b) ar =X (=1)™(8[k — 2m] + 8[k + 5m])

m=—0o0

-8 -7 -6 -5 -4 -3 -2 -1 0 1 2 3 4

ot
[=2]
~
3

Figure 5.3: Problem [92[- Part (c)
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Problem 93. Consider signal z[n] depicted in Fig. This signal is periodic with period
N = 4 and has the Fourier series coefficients aj. Determine signal z[n] corresponding to each
of the following Fourier series coeflicients.

S

Figure 5.4: Problem 93] Periodic Signal z[n].

(a) (71)kak’ (b) Ap—9

Problem 94. Let x[n] be a real and even periodic signal with fundamental period N = 10
(wo = %) and power P = 3/2. We also know that the maximum value of x[n] is equal to 2.
This signal enters a filter with frequency response H(jw), shown in Fig. The output signal
has the average power equal to the power of z[n]. Find signal z[n].

[H(e?))|

—1.27 —0.7m 0.7 1.27

Figure 5.5: Problem Frequency response of the ideal band-pass filter.

Problem 95. A discrete-time periodic real signal z[n] has period N = 5 and Fourier coefficients
ar. Let

ap =2, as= ej(w/f»)’ ay = 3 /4),

(a) Determine the values of a1, a—1 and a_s.

(b) Determine signal z[n| using the result of Part (a).

Problem 96. As shown in Fig. z[n] is a periodic signal with the Fourier series coefficients
ai. Find the value of
5
1= Z Q.

k=—6



35

5 5
1 x[n] :
3 3
2 2
1 | 1 1 1 1
-6 -5 -4 -3 -2 -1 0 1 2 3 4 5 6

Figure 5.6: Problem [96| Periodic signal z[n].

Problem 97. Consider a discrete-time LTT system whose frequency response is
H(e7") = cos(4w).
If the input to this system is the following periodic signal
400
x[n] = Z O[n — 4k],
k=—o0

find the corresponding system output y[n].

Problem 98. Consider a discrete-time periodic signal xz[n] with period N and Fourier series
coefficients ay.

(a) If z[n] is as shown in Fig. [5.7] with period N = 4, determine signal y[n] at time n = 2 with
Fourier series coefficients by, = (az)?.

z[n]

|

4

o p—

]

Figure 5.7: Problem [98|- Part (a), Periodic signal z[n].

NREEEE

-6 -5 -4 -3

n

(b) If aj, as shown in Fig. with period N = 8 and we let y[n] = (x[n])? with Fourier series
coefficients by, determine the value of by.
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Figure 5.8: Problem [98|- Part (b), Fourier series coefficients ay.



Chapter 6

The Continuous-time Fourier
Transform

Problem 99. Use the Fourier transform definition to obtain the Fourier transform of the
following signals:

(a) z(t) = 8(t — to) (€) x(t) = u(t +2) — 2u(t) + u(t — 2)
(b) () = T1(552) () 2(t) = S5y a™d(t —m), m < 1
(¢) @(t) = e'fu(t) — u(t — 1)] (8) (t) = " u(—t) + e~ u(t)

(d) «(t) = tu(t) (b) (t) = 2T1(L)

Problem 100. For each of the following signals, use Fourier transform properties to determine
the corresponding Fourier transforms.

(a) z(t) = cos(wot) u(t) (e) z(t) = t2e' u(—t)

z(t) = L cos(4mt). sin(27 —_t2
(b) @(t) = 75 cos(4nt). sin(2rt) © o(t) = {(1) t |§| < 1
(¢) (t) = sin(t) ik
(d) (t) = te51-2] (8) a(t) = [29230] [0

Problem 101. Use the definition to obtain the Fourier transform of each of the following
signals.

37
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f(t) h(t)

cos(2t) «— A

Aet

e
e

2a ———————

ffffffff —2a

Figure 6.4: Problem m

Problem 102. For each of the following signals, use Fourier transform properties to determine
Fourier transforms.
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Figure 6.9: Problem m

Problem 103. Use the definition to determine the inverse Fourier transforms of the following
items.

(a) F(juw) = e

jsin(w) |w| <7
0 0.w
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F(jw)
N
2 1 1 2 w
(c)
| X (jw) LX (jw)
1 T
-1 1 w -1 1 w

(d)

Figure 6.12: Problem— Parts (¢) and (d).

Problem 104. Consider a real signal x(t) where

1

X (jw) = s
3

Determine the Fourier transform of each of the following signals.

(a) aq(t) = 42 (c) mo(t) = e Ita(t — 2)

(b) xp(t) =x(—1—1) (d) xq(t) = z(t) cos(2t)

Problem 105. For each of the following signals, use Fourier transform properties to determine
the inverse Fourier transform.

. e2Jw . w cos(w) —sin(w
(a) X(jw) = g5y (d) X (jw) = 2eosl) sinfw)

(b) X(jw) = e u(w)

i j . sin? (w) w
() X (jw) = 45 {TnCy=foeuly () X(juw) = Lt ei2
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Problem 106. For each of the following signals, use Fourier transform properties to determine
whether the corresponding Fourier transform is complex, real and even, imaginary and odd,
conjugate symmetric, or neither.

(a) z(t) = e It—2 (d) w(t) = cos(2nt — mw/4)
(b) y(t) =T1(5)
(c) z(t) = sin(27t) (e) b(t) = eI

Problem 107. z(t) is as depicted in the Fig.

(a) Evaluate a = [*_ X (jw)dw a(t)

(b) Evaluate b= [~ |X (jw)[*dw

(c) Evaluate c = [%_ X (jw)e*"dw

(d) Evaluate d = X (j0)

(e) Find /X (juw) Figure 6.13: Problem Signal z(t).

Problem 108. For the following frequency response, determine a differential equation relating
the input z(t) and output y(t).

. 243jw—4(jw)?
Hjw) = 223iter

Problem 109. Evaluate the following integrals using the Fourier transform properties:

f_ sin(w) cos(wt) dw

(b) 000 Sln w dw

fooo (x2—2&-4)2d1'
(d) ffo @ 2+4 zdw

Problem 110. Consider an LTI system with impulse response

Il( 7rt)
it

h(t) = P cos(5mt).

Determine the output of the system for each of the following inputs:
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(a) z(t) = cos(2mt) + sin(5nt)
(b) (t) = > (=1)™d(t —m)
(c)

S

Figure 6.14: Problem@— Part (c).

Problem 111. The output y(¢) of a system is related to the input z(t) by the equation

t+a t
y(t):/t a:()\)d)\—/ti 2(VdA, (6.1)

where a is a positive constant.
(a) Find the frequency response of this system.

(b) Find the response y(t) to the input

k=—o0

Problem 112. For each of the following signals express the Fourier transforms of the signals
in terms of the Fourier transform of z(t).

(a) y(t) = x(2t —4) (d) y(t) =22 —t) +z(=2-1)
(b) y(t) = z"(t 1)
(c) y(t) =2"(1-3) (e) y(t) = [T x(m)x(T — t)dt, x(t) is real

Problem 113. Consider an LTI system whose response to the input
x1 (t) — jejIOOﬂ't

is
mn (t) — 26j(1007rt+%) .
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The frequency response of system |H (jw)| is zero except for 0 < w < 2007 where it has the
form |k|e?® where k and @ are constant. Determine the output of the system to each of the
following inputs:

(a) @a(t) = (14 j)er™m
(b) xg(t) — \/iejBOOmf

Problem 114. A signal z(¢) has a Fourier transform X (jw) as illustrated in Fig. Evaluate
the following without obtaining x(t) directly.

(a) Evaluate z(0) X(jw)

(b) Evaluate [~ |a(t)[*dt N

(c) Evaluate [~ x(t) dt

Figure 6.15: The Fourier transforms consid-
ered in Problem

Problem 115. Evaluate the following integrals using Fourier transform properties.

o] COS2
) A= [ Oz g

Sll’lC
) B= f 00 1+127rf

Problem 116. Consider the block diagram of a continues-time system in Fig. [6.10]

y(t)

l—————————»

Figure 6.16: Block diagram of a continues-time system in Problem

In this system assume that
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and
p(t) = cos(4nt).

Also assume h(t) has a Fourier transform H (jw) whose magnitude and phase are as illustrated
in Fig.

Figure 6.17: Magnitude and phase of the Fourier transform H (jw) for the filter h(t), Problem

16}
(a) Find Y (jw).
(b) Find y(t).

Problem 117. Determine if each of the following systems is time-invariant. In each case, y(t)
denotes the system output and x(t) is the system input. Also Y (jw) and X (jw) denote the
corresponding Fourier transforms, respectively.

(a) y(t) = (0) + X(t - 5)
(b) y(t) = X(0) + z(t - 5)
(¢) Y(jw) = X(jw) + X(0)

Problem 118. Consider a continuous-time system whose input 2(¢) and output y(¢) are related
through the following relationship:

If y(t) is the response of this system to x(t) = e tu(t), find Y (jw).
Problem 119. A continuous-time signal
> km
a(t)= > o(t- )
k=—o00

is the input to a filter with frequency response H(jw) whose magnitude and phase are as
illustrated in Fig.
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[H (jw)] LH (jw)

Figure 6.18: Problem magnitude and phase of the Fourier transform for the filter h(t).

Determine the filtered output signal y(t).
Problem 120. Consider an LTI system whose response to the input
z(t) = cos(wot)

is
y(t) = de=2wol cos(wt + g),

where wy € R. Determine the system’s impulse response.

Problem 121. A continuous-time LTI system has a frequency response H (jw) whose magni-
tude and phase are as illustrated in Figure Find the step response s(t) of the system.

|H (jw)| LH (jw)

Figure 6.19: Problem Frequency response H (jw).
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Chapter 7

The Discrete-time Fourier
Transform

Problem 122. Use the discrete-time Fourier transform analysis definition to compute the
Fourier transforms of each of the following signals:

(a) @[n] = (5)"uln — 3] (d) a[n] = (3)""ul[-n—1]
(b) z[n] =al", |a| <1

(c) z[n] = 4[4 — 2n] (e) z[n] =sin(n) + cos(2Fn)

Problem 123. Use the inverse Fourier transform formulation to compute the inverse Fourier
transforms of the following signals.

(a) X(e') = cos?(w)
(b) X(e?™) = cos(w) + j sin(w)
(c) Asin Fig.

X (eIv)

w

-2 -7 T 27

Figure 7.1: Problem — Part (c).

(d) As in Fig. [7.2] where ZX (e/¥) = 0Vw .

47
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X))

w

—27 -T — s 27

w3
[SIE]

Figure 7.2: Problem - Part (d).

Problem 124. For each of the following signals, use Fourier transform properties to determine
the corresponding Fourier transform.

(a) z[n] = (3)"uln + 3]
(b) z[n] = cos(%n)(%)”u[n —1]

_ sin(gn)  sin(§(n — 3))

(c) a[n] =

nmw (n—3)m

(d) z[n] = na™uln], la| <1

Problem 125. For each of the following Fourier transforms, use Fourier transform properties
to determine the inverse Fourier transform.
(a) X(e!) = jsin(2w)

1

(b) X(e?¥) = [

sin(2%)

)

(d) X(e7") = e dCurm/2 |
1

no

(c) X(e7™) = cos(2w)]

]

=
e

sin(

|

2 . 2
“Ieiwer/m T %e—j<w+w/3>]

dw

10
—e~ 72w 4 3e—Iw + 10

(e) X(em) =

Problem 126. Consider the discrete-time signal x[n] with Fourier transform X (e/*). Deter-
mine the Fourier transforms for each of the following cases in terms of X (e/%).
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(a) yln] = 2*[-n] z[n] n = multiple of 3
(e) yln] = { :

(b) y[n] = z[n] * z*[-n] Y 0 n # multiple of 3

(¢) y[n] = z[n] — z[n — 2] (f) yln] = z[2 —n] + z[-2—n]

(d) yln] = z[n] x z[n — 1] (8) ylnl = z"[-n+2]

Problem 127. Consider a real signal z[n] with Fourier transform X (e/*). Determine y[n] for
each of the following signals based on z[n].

(a) Y(e7) = Re{X(e/")}

(b) Y (/™) = X () + X (e—I%)

(€) Y(e) = /X (")}

(d) V(M) = A{e v [X (I HE)) — X (eI (= 5))]}

Problem 128. A causal discrete-time LTI system is described by

yln] + gl — 1] = Syl —2) = 22ln — 2] + 2ln — 1] — 2aln]. (7.1)

where x[n] and y[n] are the input and output of the system, respectively.
(a) Find the frequency response of the system.

(b) Determine the corresponding filter type.

Problem 129. Let x[n] have the Fourier transform X (e/*). Determine x[n] for each of the
following cases:

(a)
. 1 = 3
X<e]w) _ N |’LU‘ <3 (7_2)
0 otherwise

(b) z[n] is a real and even signal and

1

T
_ Llo—jw
1 26

Re{X (')} =

Problem 130. Consider the following system with input z[n] and output y[n] as below. De-
termine whether each system can be LTI or not and if the system is LTI find the frequency
response of the system.
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(2) zln] = ()"uln],  yln] = 4(3)"u[n].

(b) x[n] _ sin(nm/8) y[n] _ sin(nﬂ/4).

nm ’ nmw

Problem 131. Let X (e/%) denote the Fourier transform of the signal z[n] depicted in Fig. 7.3

2
‘ n
2

Figure 7.3: Problemﬂ

x[n]

|

-3 -2 -1

|

1

(a) Find X (e9).

(b) Find X (e/7).

(c) Find ZX (ev).

(d) Find [7_X(e/*)dw.

(e) Evaluate [7_|X(e*)|?dw.
(f) Evaluate ["_ |- X (/") [>dw.

Problem 132. Consider an LTI system with input z[n] and output y[r]. Find the frequency
response and the impulse response of the systems corresponding to each of the following cases.

(a) z[n] = (
(b) x[n] = (

huln],  yln] = 5(3)"uln] + (3)"uln].

Yhuln],  ylnl = (3)"uln] + (3)"2uln — 2]

W= W=

Problem 133. Consider the causal LTI system described by the following difference equation.
Determine the difference equation that characterizes the inverse system, both directly and using
the Fourier transform.

y[n] + %y[n —1] = z[n]. (7.4)
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Problem 134. For each of the following frequency responses, determine a difference equation
that relates the output y[n] to the input z[n].

(2) H(e™) =1+ ety
jwy) _ el
(b) H(e’") = Thcos(w)

Problem 135. Consider a discrete-time system with input z[n] and output y[n]. The Fourier
transforms of these signals are related through the following equation:

V(%) = X() 4 22X () - L x (o), r5)

(a) Is the system linear?
(b) Is the system time-invariant?

(c) Find the output of this system for the input z[n] = d[n].

Problem 136. Consider a discrete-time signal z[n] with Fourier transform as illustrated in
Fig. [(-4 and let

X(edv)

U

- ™

Figure 7.4: Problem m

+o00
A= Z jIm{z[n]}e’™/2, (7.6)
+o00 )
h(t) = Z 22[—nel™. (7.7)

(a) Evaluate A.

(b) Evaluate B = fw/4

bt dt.

Problem 137. Signal x[n] has Fourier transform X (e/*) as illustrated in Fig. Obtain the
following values:
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- -1 -1 5 3 F 7oy ¥ fow oy
Figure 7.5: Problem
(a) x[0] (€) 2o lalnll®
(b) 02 all

Problem 138. Consider a system whose input z[n] and output y[n] are related with the

following relationship:
yln] = (=1)"w[n] + wln],

wln] = z[n] * h[n],
where the frequency response of the system H(e/*) is sketched in Fig.
H(ew)

1

w

[
[NE]

Figure 7.6: Problem m The frequency response H (e/?).

Find the output of the system to the input

Problem 139. Consider a discrete-time system with a real impulse response h[n]. Let g[n] be
another system where G(e/V) = H(e/¥)H (e77v). s g[n] real?

Problem 140. Consider a discrete-time system shown in Fig.

z[n] ——  h[n]

gln] ——  hln]

Figure 7.7: Problemm
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where - 3
z[n] =1+ cos(gn) + cos(?n). (7.8)
gln] =1+ 2005(2%71), (7.9)
hln] = %ﬁ?n) cos(gn). (7.10)

Find and sketch Z(e/*) and z[n].

Problem 141. Evaluate each of the following integrals and sums.

() [T awdw

7w 1-0.5e—Jw

(b) 400 sin(nf) sin(ng)

n=—oo nm nm
(e) XnZon(3)"

Problem 142. Signal z[n] has Fourier transform X (e/*) as illustrated in Fig. [7.8] Assume
that

z[n] = z[n] - y[n], (7.11)
where
+oo
ylnl = > oln—4k]. (7.12)
k=—o0

Find z[n| and its Fourier transform.

X(ij)
1
/\ /\ w
_5t  _9x _3n _g _=m | ™ 3 B3
2 2 2 2 4 2 2 2

Figure 7.8: Problem

Problem 143. Consider an ideal low-pass filter with frequency response

. 1wl <3
H(Y) = é.
0 |w|> <

The input to this filter is

+oo
zn] = Z [2(=1)%5[n — 2k] + 6[n — 2K]].

k=—o0

Find the output of this filter.
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Problem 144. (a) A causal LTI system is described by the difference equation
y[n] — ayln — 1] = bxn] + x[n — 1], (7.13)

where « is real and with magnitude less than 1.

Find the relation between the values of a and b such that the frequency response of the
system satisfies ,
|H(e’*)] =1, for all w.

(b) Find and sketch the output of this system with a = & when the input is

Use the value of b obtained in Part (a).

Problem 145. Let x[n] be a signal with Fourier transform X (e%).

(a) It
x(n=11¢F)
Find the value of
+oo
A= Z n?z[n]. (7.14)

(b) If
z[n] = cos(mn)(u[n + 1] — u[n — 1]).
Find the value of .
B :/_ | X (e7") cos(w)|?dw. (7.15)

Problem 146. Consider an LTI system with input z[n] and output y[n]. Let the input x[n] be

x[n] = cos(%ﬂ-) + cos(gn?ﬂ). (7.16)

Find the output of this system if the impulse response h[n] is
hin] = sin(nm/2) o oinm/2 Sin(mr/2). (7.17)
n n
Problem 147. Find the inverse Fourier transform of

X(ejw) g sin(15w/2)} . [ d 1

sin(w/2) %(1 — Ze-iw + 1)}

Problem 148. Consider signals z1[n] and z2[n] below with Fourier transforms X;(e?*) and
Xo(e?™), respectively. Use the Fourier transform properties to determine whether the time-
domain signals are complex, real and even, imaginary and odd.
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X1 (e?) = 7% cos(w)
Xo(ed) = jsin(w) cos(w).

Problem 149. Consider the signal depicted in Fig. Let the Fourier transform of this
signal be written as _
X () = A(w) + jB(w).

A x[n] A

I

4

2
-4 -3 -2 -1 0

Figure 7.9: Problem [149] the input z[n] to the system.

If the Fourier transform of y[n] is presented as
Y (e?) = 2B(w)e™ + jA(w),

find the value of y[n] at n = 1.
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Chapter 8
Sampling

Problem 150. Determine the minimum sampling frequency for the following signals to avoid
aliasing.
(a) a(t) = (0002 (b) a(t) = 25n(40) sin(st)

7t mt

Problem 151. Let z(¢) be a band-limited signal for which the corresponding Nyquist rate is
wp. Determine the Nyquist rate for each of the following signals.

(a) =(2¢t) (d) z(t) - cos(2wot)
(b) x(t) *x(t)
(c) z2(2t) (e) d:r[;(tt)

Problem 152. For each of the following signals, determine the maximum sampling interval
T such that the signals are recoverable from the sampled signals through the use of an ideal
low-pass filter.

(a) =(t) = BT 4 cos(2nt)

(b) (t) = 220 . cos(2mt)

(c) x(t) = e 3tu(t) * %

Problem 153. Shown in Fig. is a system in which the input signal is multiplied by a
periodic square wave. The period of s(¢) is 27r. The input signal is band-limited with | X (jw)| =
0 for |w| > wy,. The sampler is followed by an ideal low-pass filter with gain 1 and cutoff
frequency w,, for reconstruction of z(t) from its samples x4(¢). Determine the maximum value
of w,,.

o7
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s(t)
H(jw)
1
xs(t)
x(t) (%) > y(t)
—We We Y
(a)
s(t)
1
— - t
—27 ) 2 2T

(b)

Figure 8.1: Problem

Problem 154. In the system shown in Fig. the signal z[n] is the input to the system 5.
The system S is defined by
S1: win| = z[2n].

The output w(n] of the system S} is sampled by a periodic impulse train. The signal z[n] is
band limited to w = 7; that is,

X () =0, |w] >

N

Determine the maximum value of N such that w[n] is recoverable from wy[n] through the
use of an ideal low-pass filter.
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pln] = 32722 . 8[n — kN]
wn]
z[n] ———— S (X) wp[n]
X(e*)

w
‘ s
4

=3

Figure 8.2: Problem

Problem 155. Consider the system shown in Fig. The system consisting of a casual
continuous-time LTT system followed by a sampler, Continuous-to-Discrete (C/D) Converter,
and an LTT discrete-time system. The relationship between x(t) and y(t) is given by:

dy(t) _
— T =20) (8.1)
p(t) = 22,20 o 6t —nT)
() LTI system | y(t) iyp(t) C/D ya[n] | LTI system win]
h(t) ~ Conversion hin]

Figure 8.3: Problem W

Determine h[n] such that if the input of the system is x(t) = §(t), then the output is equal
to wln] = §[n).

Problem 156. Consider the continuous-time filter with the frequency response as follows:

_ 1
Cjw+ 1

H(jw)

We want to implement the discrete-time version of this filter by setting h[n] = h(nT).



60 CHAPTER 8. SAMPLING

Determine the value of T such that the half power bandwidth (3dB bandwidth) is equal to

_z
w=73.

Problem 157. Let x(t) be a continuous-time signal whose Fourier transform has the property
that X (jw) = 0 for |w| > wp. Signal z(t) is sampled at sampling frequency ws > 2wy, to obtain
signal z4[n].

Determine the relationship between the energy E,4 of 24[n] and the energy E of the original
signal, if the sampling period is T. Note that the energy in a continuous-time function z(t) is

defined as
+o00
E:/ (1) 2dt,
—o0

and the energy of a sequence z[n] is defined as

—+o0

Ey= Y |z[n]*.

n—=—oo

Problem 158. Shown in Fig. a), is a system that processes continuous-time signals using
a discrete-time filter h[n]. The Fourier transform of the input signal is as indicated in Fig. |8.4]

(b).

H(jw)
T
zp(t)|  C/D  |=z[n] =z(nT) yln] =y(nT)| D/C | y(t)
x(t) —( : —— hin ——y(t
=(t) Conversion i Conversion u(t)
5 | 3%
(a)
X (jw)
1 1
5 = 3 | : . e
(b)

Figure 8.4: Problem

(a) Determine the maximum sampling interval T such that z(t) is recoverable from z[n] through
the use of a low-pass filter.



(b) If T = 2, sketch X, (jw).
(c) If T =2, sketch Y (e/%) and Y (jw).
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Chapter 9

Laplace Transform

Problem 159. Use the definition to obtain the Laplace transform of the following signals:

(a) z(t) = 3e®tu(t) (c) z(t) = e 2l

(b) z(t) = e u(t) + te tu(t) (d) z(t) =u(t+2)

Problem 160. For each of the following signals, use Laplace transform properties to determine
Laplace transforms.

(a) z(t) =te tu(t) (e) z(t) = sin®(wt)u(t)
(b) z(t) = te~t cosh(t)u(t)
t (£) olt) = te
(c) z(t) = [, e ?" cos(t)dr
(d) z(t) = fot (t — A)*sin(N\)d\ (g) z(t) = cos(t)u(t) + e tu(—t)

Problem 161. For each of the following signals find the Laplace transform.

(a) z(t) as in the figure.

vl
~

-1

Figure 9.1: Problem— Part (a)
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(b) z(t) as in the figure.

3 T /

-7 = ! kg 3m 27
2 2

Figure 9.2: Problem - Part (b)

(c) z(t) as in the figure.

2 4 6

Figure 9.3: Problem - Part (c)

Problem 162. Let £L{x(t)} = X(s). For each of the following signals find the Laplace trans-
forms based on X(s).

(a) y(t) = 2(3t) () y(t) = J' 2(3r)dr

(b) y(t) = x(t —2) (g) y@)=xz*(—-2t+1)

(c) y(t) =x(t) * Ha(t) (h) y(t) = z(t — 3) + z*(—t + 2)
(d) y(t) = e "x(t) () y(t) = x(—3t)e+3,

(e) y(t) = 2tx(t) —1 < Re(s) < 2

Problem 163. For signals in Parts (a) and (b), determine the region of convergence for each
of the following cases:

(1) If 2(t) is a right-sided signal. (3) If =«(t) is a two-sided signal and
oo —15t 3 _

(2) If z(t) is a left-sided signal. oo Z(t)e di = o

(a) z(t) is a signal with Laplace transform X (s) = #’8‘2‘_9).

(b) x(t) is a signal with Laplace transform X (s) = (54523%
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Problem 164. Determine the inverse Laplace transform for each of the following cases.

2(s+6 _ 5
(a) F(s) = oottt (d) F(s) = gt o
100(s+4
(b) Fls) = wiiaiin
452 25°+8s°+11s+3
() F(s) = mrrmsierm (e) F(s) = 555

Problem 165. Find the values of f(0) and f(co) for the following Laplace transforms using
the initial and final value theorems.

(a) F(S) = % (C) F(S) = %
537527 s— _ 32—
(b) F(s) = 2525810 (d) F(5) = oyt issTio

Problem 166. (a) Let y(t) be the output of a causal LTI system with transfer function

H(s) = -2 when the input is (t) = u(t). Find the value y(t) when t tends to infinity.

(b) Solve the problem when the system is stable instead of being causal.

Problem 167. Using Laplace transform, determine which of the following systems are LTI.

(a) x(t) =c'u(t),  y(t) =—eu(-1)
(b) x(t) = e*u(t),  y(t) = —c'u(-t)

Problem 168. Find the inverse Laplace transform of following functions by considering their
region of convergence.

s+1 5 1

(a) X(s)= GrP39 stz 52 —1 < Re{s} <2
(b) X(s) = % 4 < Re{s} < -3

(c) X(s) = % Refs} >0

(d) X(s) = 52(571“)2 1< Refs} <0

(e) X(s)= 5" Re{s} > 3

s2 —6s+ 10’
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Problem 169. Consider a stable and LTT system which it is described with the following
differential equation. Which of the following inputs: z1(t) = ™! z2(t) = e 2, x3(t) = ¥,

could result in a bounded output?

d*y(t)
2

0y(t) - — a(t) (9.1)

Problem 170. Transfer function of an LTI system is H(s) =
Determine the correctness of the following propositions:

7524%276, —3 < Re{s} < 2.

(a) System is stable.
(b) System is non-causal.

. . o0
(c) If h(t) is the impulse response of the system, then [~ h(t)dt = 0.

Problem 171. Let X (s) be the Laplace transform of x(¢). The following information is avail-
able on X (s).

(1) X(0)=4 (3) s=3is not in the ROC.
(2) X(s) hasapolein s=—-1+4j

What can be said about the ROC of X (s)?

Problem 172. Transfer function of an LTI system is H(s) = %. For all values of a,
investigate the causality and stability of this system.

Problem 173. The Laplace transform of z(¢) has the following pole-zero diagram. If the region
of convergence is —1 < Re{s} < 1, find z(¢).

Im{s}
X 1
‘ & ' > Re{s}
-3 -2 -1 1 2 3
x =1

Figure 9.4: Problem m - The location of poles and zeros

Problem 174. Consider an LTI system whose response to the input

x(t) = te 3tu(t)
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is the output below:
y(t) = e H[cos(t) 4 sin(t)|u(t) — e tu(t).

(a) Find the system transfer function and its region of convergence. Is the system causal? Is
the system stable?

(b) Find the differential equation corresponding to this system.

Problem 175. Evaluate the following integrals using the Laplace transform properties and
pairs in Tables 7?7 and 7?7 and in particular the Laplace-domain integration property.
(a) fooo Sint&dt A= ffcoo z(t)etdt
= 2[t]
(b) [y~ te™ 3" cos(t)dt (d) z(t) =e =

(C) OOO Cos(2t);cos(3t) dt

B= [ _x(t)e ®dt

Problem 176. Consider the following causal system:

a(t) —=+ y(t)

(a) Find the transfer function of the system.

(b) For k = 0, find the impulse response of the system, and determine if the system is stable
or not.

(c) Find the value of k for which the system has two poles at s =1 and s = —9.

Problem 177. The Laplace transform of the impulse response for a system is given as follows:

1

B = a6 —s)

(a) Find the region of convergence for the transfer function for which the system is stable and
causal.
(b) Find the impulse response assuming the system is stable.

(c) Find the impulse response when the system is neither causal nor stable.
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Problem 178. The following information about an LTI system with input x(¢) and output
y(t) is at hand:

2
X(s) = iii’) and z(t)=0for t<0
and 1 4
y(0) = Feult) — Se*u()

Find the response of the system to the input x1(t) = e =% and x5(t) = €%

Problem 179. Step response of an LTI system is s(t) = (1 — e~ — 2te=2")u(t). If the system
response to the input x(t) is

y(t) = (1 +e 4 —2e72u(t),
find z(t).

Problem 180. If an LTI system where transfer function H(s) is invertible, the transfer function

of the inverse system, H;(s), is given by H;(s) = H%S). Using this fact, work out the following

questions.

(a) The impulse response for systems S; is as below. Investigate reversibility of this system.

hi(t) = e tu(t).

(b) The pole-zero diagram of an LTI system, and its ROC is indicated in the following figure.

Find the region of convergence of the inverse system H;(s) = H%s).

Im{s}
1 o
Re{s}
-1 1 2
-1 o

Figure 9.5: Problem - Part (b), The pole-zero diagram of H(s)

Problem 181. There is an LTT system with the input and output as below. Find the impulse
response of this system.
z(t) = 2 u(t) + 2e2u(—t),

y(t) = e Mu(t) — e 3tu(t).
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Z-Transform

Problem 182. For each of the following signals find the z-transform.

(a) z[n] = cos(nwo)uln] (d) z[n] =al"l, o] <1
(b) z[n] = —a™u[-n —1]
(c) z[n] = (3)"u[3 —n] (e) z[n] = (3)" uln —1] = 3(3)"u[-n — 1]

Problem 183. Determine the z-transform for each of following signals using z-transform prop-
erties.

(a) z[n] = (2)" cos(5)u[—n —1] (c) z[n] = 5 (=2)"u[-n —1]
(b) z[n] = n(3)"u[n —2]

Problem 184. For each of the following signals, find the z-transform using convolution and
differentiation properties.

(a) z[n] =n[(3)"uln] * (3)"uln —2]] (¢) zln] = ()" [uln + 3] — u[n — 4]]

(b) z[n] = nsin(Fn)u[—n] (d) z[n] = <u[n]

1
n

Problem 185. For each of the following signals find the z-transform based on the z-transform

of z[n].

69
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—z[n] evenn
2z[n] oddn

(a) y[n] = x4y[n -2
(b) yln] = e™"2*[n]

(c) yln] = {

Problem 186. The transfer function of a causal LTI system is as follows

15271
H(z)=——F——.
(2) 144271
Find the system response to the input
145" n>0
zn] = .
1 n <0

Problem 187. Consider an LTI, causal and stable system with the impulse response h[n]. If
the z-transform of the system output to the input z[n] = h[—n] is

25z
Ye)= ————
@)= e
find the value of following expressions.
(a) A=>7"5 hln] (b) B=323=5 h*[n]

Problem 188. For a causal LTI system we know that when the input is [n] = ()"u[n], for
the output y[n| we have

y[O] = 2) y[l] = 4) y[Q] = _3, y[3} =1.

Find the value of h[3].

Problem 189. The transfer function of an LTI system with the impulse response hln] is
described by

1
H(z) = 2 ROC : |z] > 3.

Comment on the following items:



71

(a) Causality
(b) Stability
(c) The value of 5>°°2 __ h[n]

n=—oo

Problem 190. Consider an LTI and causal system with the impulse response h[n]. The step
response of this system is s[n] = §[n] + ah[n — 1], where a is a constant and positive number.
Find h[0] for different values of a.

Problem 191. Consider the following difference equation:

1 1
— Zyln— 1]+ —yln — 2] = 2z[n).
yin) — St — 1]+ xyin — 2] = 20fn]
(a) If the system is stable, find the response to the input z[n] = §[n — 1].

(b) Find the system response to z[n] = /™.

Problem 192. The z-transform of signal z[n] is X (z) = %. Find the z-transform of following
signals.

[n—2] (d) yln] = nz[n]

(¢) yln] = 2[—n] x z[n] (e) y[n] = cos(2n)x[n]

Problem 193. Find the inverse z-transform of each following signals using the partial fraction
decomposition.

4
(a) X(Z):m7 |Z|>%
4Ty 141,72
b) X(z) = 4 = S > 1
() X() = T4 A >
3-3271

(c) X(2) =

x[n] is causal

G- fni-2:)
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1
T 143271422727

1
(&) X() = g5y

(d) X(2) 2| > 2

|z| > 1

Problem 194. Let z[n] = n?5"u[n] with X (2) as its 2-transform. Find y[n] based on z[n] for
each of the following cases.

(a) Y(2) = X(22) @) v() = 222X
(b) Y(:) = X(=7) ’
(&) v(z) = B (&) Y(2) = X ()

Problem 195. The transfer function of an LTI and causal system is as below

1 + 2271

1117
1 5%

Find an input signal which results the following output:

1

= 5(3)"uln] = 3"u[-n — 1.

y[n] 3

Problem 196. Consider two causal systems described by the following difference equations.

Let the input signal to these systems be x[n] = (3)"u[n]. Find the output for each system.

a) yln] —yln — 1] +yln — 2] = 3a[n] + jx[n —1].

b) y[n] +3yln — 1] = z[n] — z[n —1].

Problem 197. The impulse response of an LTI system is as below

5.1, 7, 1.,
5(5) uln] — 5(*1) uln].

Is the inverse of the system causal and stable?
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Problem 198. The following information is available for a system with the impulse response
h[n] and transfer function H(z):

1. hln] is real and is equal to 0 for n < 0 and n > 5.
2. Y5 o(~1)"hln] = 0.

3. H(z)=0at z = %e%ﬂ, z=2e71".

4. hj0] = 2.

5. H(e’%) has a pole at the origin.

Find H(z).

Problem 199. Consider an LTI system for which the input x[n] results in the output y[n],
both are shown in figures below. Investigate the causality and stability of this system.

1
|
n

e —
f—— —

-1
n

-2

Figure 10.1: Problem [199]

Problem 200. Consider two systems presented by the following equations. Let the impulse
response of the inverse systems be denoted by hi[n] and ha[n], respectively. We let hzn] =
hl [n] * hg [n] Find h3 [0]

o] = 2ln] — goln 5,
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Problem 201. Transfer function of a system is given as

1 1 1
H(z) = - + — — .
) eyl 1 le=m-1 142271

3
Obtain the impulse response h[n] assuming that the system is
a) Stable
b) Causal

Problem 202. Find the z-transform of the following function when |a| < 1.

k=n |k| >0
szna n -~
n| =
yln) {0 n<0

Problem 203. Consider an LTT and causal system which has only one pole and only one zero.
In addition, the impulse response satisfies the following conditions. Find the zero and pole of
this system.

a) hl0] =3 c) Yn=Zu(=1)"h[n] =0
b) 32 hin] =2

Problem 204. Transfer function of an LTT system is assumed as

Find the response of the system to the input z[n] = 2 4 cos(%").

Problem 205. Let the z-transform of z[n] be as follows:

1

Find the values of z[0] and z[—2].
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Problem 206. Consider the following difference equation which describes a stable LTT system:
y[n] — ayln — 1] + y[n — 2] = z[n]. (10.1)

Comment on the causality of this system for different values of a.
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